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Abstract
K. Kato has recently constructed certain syntomic complexes associated
with a uniform F -crystal over a smooth project variety X and related their
cohomology groups to special values of the L-function attached to F . In this
paper, we generalize his results to a p-adic family of F -crystals.
1 Introduction and our main results
One of the fascinating features of number theory is the deep connection between an
object’s arithmetic properties and the analytic properties of its L-function. Perhaps
one of the most precise conjectures about this connection is the Tamagawa number
conjecture discovered by S. Block and K. Kato in [2]. More precisely, for each motive
M over a global field F , S. Bloch and K. Kato defined some important arithmetic
groups associated with M and related them to special values of the L-function
attached to M . While this conjecture is still wide open when F is a number field,
much is known when F is a function field of one variable over a finite field k of
characteristics p. For example, when M is the ℓ-adic realization of a motive over
F and ℓ 6= p, Bloch and Kato showed in [2] that the Tamagawa number conjecture
is a consequence of Grothendieck’s formula (see proposition 5.21 of [2].) However,
when ℓ = p, their method does not work, and new ideas are needed.
Quite recently, K. Kato in [5] treated the remaining cases of the Tamagawa
number conjecture over function fields when ℓ = p using some previous work of
A. Ogus on uniform F -crystals. More precisely, let X be a smooth projective
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smooth variety over a finite field of characteristics p, and (D,Φ) be a uniform F -
crystal over X. In [5], Kato constructed some syntomic complexes associated with
F and expressed the special values of the L-function attached to F in terms of the
cohomology groups of these syntomic complexes (see [5], proposition 5.4). In this
article, we generalize his results to a p-adic family of uniform F -crystals. More
precisely, we have the following theorem (we refer the readers to the body of this
article for the definitions of the terms appeared here.)
Theorem 1.1. Let X be a smooth projective variety over a finite field k of char-
acteristics p. Let F = (D,Φ) be a uniform F -crystal over X. Let K∞ be a p-adic
extension of the function field K of X satisfying certain technical conditions men-
tioned in section 4 and Xn be a tower of covers of X associated with this extension.
Let S(D), T (D) be the complexes associated with F constructed in section 2. Under
some technical assumptions, there exists an element LD ∈ K1(Λ(G)S∗) such that
∂G(LD) = [R lim←−
n
RΓ(Xn,S(D))] + [R lim←−
n
RΓ(Xn, T (D)))]
in K0(MH(G)) where ∂ is the boundary map of the long exact sequence of K-groups
(see [4], (24).)
2 Syntomic complexes and Tamagawa number con-
jecture for F -crystals
Throughout this article, we assume that X is a smooth projective variety over a
finite field k of characteristics p. Let F = (D,Φ) be uniform F -crystals on X . In
this section, we provide a brief overview of Kato’s construction of certain syntomic
complexes assocaited with a uniform F crystals over X . We refer the readers to [5]
for further details.
Remark 2.1. One of the main reasons that we restrict our study to uniform F -
crystals is that uniform F -crystals form a good category. They also have good
integral properties which will allow us to define integral syntomic complexes.
Most “geometric” F -crystals are uniform. More precisely, suppose π : X → Y
is a proper smooth morphism of smooth schemes then under mild assumptions, the
higher direct image Rmπ∗(OX)cris is a uniform F -crystal on X (for more details, see
[6], [7], [9].)
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For each q ∈ Z, let ωqX := Ω
q
X the sheaf of differential q-forms on X . Let DX be
the vector bundle together with an integrable connection ∇ on X associated with
D:
∇ : DX → DX ⊗OX ω
1
X .
Let X ⊂ Y be a closed immersion of X into a p-adic formal scheme Y over
W (k). Let DX(Y ) the PD envelop of X in Y and ODX(Y ) be the structure sheaf of
the formal scheme DX(Y ). Let ω
q
Y := Ω
q
Y be the sheaf of differential forms on Y .
Let DY be the locally free ODX(Y )-module together with an integrable connection
∇ associated with D which is defined by
∇ : DY → DY ⊗OY ω
1
Y .
For an F -crystal (D,Φ) we will use the same notation Φ for the induced isomor-
phism:
Φ : Qp⊗ZpF
∗DY → Qp⊗ZpDY .
We remark that Φ is compatible with the integrable connection ∇ endowed with
DY .
To define syntomic complexes, we first need to introduce several filtration on
DY and F
∗DY .
Definition 2.2. For each r ∈ Z, we define
Nr(D)Y := DY ∩ p
−rΦ(F ∗DY ),
N r(D)Y := D
Y ∩ prΦ(F ∗DY ),
and
M r(D)Y := {x ∈ F
∗DY |p
−rΦ(x) ∈ DY } ⊂ F
∗DY .
First, we explain the construction of some de Rham complexes using the filtra-
tion on DY and F
∗DY constructed above. Following Deligne and Kato, we make the
following convention. Let C be a filtered complex. We define C to be the following
complex
C
q
= {x ∈ (qC)q|dx ∈ (q+1C)q}.
A key property of this construction is that if if f : C → C ′ is a homomorphism of
filtered complexes such that for all q f :q C →q C ′ is a quasi-isomorphism then the
induced map C → C ′ is a quasi-isomorphism.
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Recall that we have the following de Rham complex associated with D:
DR(D)Y = [DY
∇
−→ DY ⊗OY ω
1
Y
∇
−→ DY ⊗OY ω
2
Y
∇
−→ . . .]
Using the filtration on DY and F
∗DY defined in 2.2, we define the following com-
plexes.
NrDR(D)Y = C,where
qC = DR(Nr−q(D))Y ,
N r DR(D)Y = N−rDR(D)Y ,
and
M r DR(D)Y = C,where
qC = pq DR(M r−q(D))Y .
We remark that
N(−∞)DR(D)Y = N
(∞)DR(D)Y = p
−rN r DR(D)Y ,
is independent of r ≫ 0.
We define the syntomic complex S(D)Y as the mapping fiber of the map
1− Φη : N0DR(D)Y → N(−∞)DR(D)Y .
Here 1 is the inclusion map N0DR(D)Y → N(−∞)DR(D)Y and Φη is the map de-
fined as follow. First, η : DY → F
∗DY is the map sending x ∈ DY to η(x) = 1⊗x ∈
F ∗DX(Y )DY = F
∗DY .We then define Φη as the induced map fromQp⊗Zp DR(D)Y →
Qp⊗Zp DR(D)Y whose degree q-part is given by
x⊗ ω 7→ Φ(η(x))⊗ FY (w).
The constructions of the complexes N0DR(D)Y , N(−∞)DR(D)Y ,S(D)Y , are local
in nature. However, we can glue these local constructions to get global complexes
S(D) in the derived category of sheaves of abelian groups on the etale site of X . In
other words, we have the following distinguished triangle.
S(D)→ N0DR(D)→ N(−∞)DR(D)→ S(D)[1].
We also define T (D) as the complex obtained by gluing the following local complexes
T (D)Y = N(−∞)DR(D)Y /N0DR(D)Y .
As above, we have the following distinguished triangle.
N0DR(D)→ N(−∞)DR(D)→ T (D).
With these preparations, we are now ready to state the main theorem of [5].
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Proposition 2.3. ([5], proposition 5.4) Suppose that 1 − Φ : Hm(X,DR(D)Qp →
Hm(X,DR(D)Qp) are isomorphisms for all m. Then, the complexes S(D) and
T (D) over the etale site of X have finite cohomology groups. Let [RΓ(X,S(D))]
and [RΓ(X, T (D))] be the corresponding classes in K0(Zp,Qp). Then, we have
∂L(D, 1) = [RΓ(X,S(D))] + [RΓ(X, T (D))].
Here ∂ is the boundary map of the long exact sequence of K-groups (see [4], (24).)
3 Tamagawa number conjecture for a p-adic fam-
ily of F -crystals, Preparations
In this section, we generalize proposition 2.3 to the arithmetic Zp-extension of X .
More precisely, by Galois theory, there exists a p-adic Galois extension k∞/k such
that Gal(k∞/k) = Γ = Zp. Let us denote by Γn the abelian group Z /p
n Z and by
kn the unique subfield of k∞ such that Gal(kn/k) = Γn. We call kn the n-th layer
of k∞/k. Let Xn be the variety X ⊗ kn. We define the following total complexes
In = RΓ(Xn, N0DR(D)),
Pn = RΓ(Xn, N−∞DR(D)),
Nn = RΓ(Xn,S(D)),
Ln = RΓ(Xn, T (D)).
We also define N∞ be the inverse limits of (Nn)
N∞ = R lim←−
n
Nn.
For each S ∈ {L, I, P}, we define S∞ similarly.
For S ∈ {N,L, I, P}, Sn is a natural module over Zp[Γn]. Consequently, S∞ is
a module over the Iwasawa algebra Λ(Γ) where
Λ(Γ) = lim
←−
n
Zp[Γn].
We denote by N = (Nn) the object in the derived category D
b(Γ(Zp−mod)) of
normic systems along the profinite group Γ (see section 2 of [10] for the precise
definition of normic systems.) For each S ∈ {L, I, P}, we define S similarly.
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By construction, we have the following proposition (see proposition 5.1 of [10]
for a similar statement.)
Proposition 3.1. Let W = (W (kn)) ∈Γ (Zp−mod) be the natural normic system
of Zp-modules along Γ. For X ∈ {I, P, L}, there is a canonical isomorphism in
Db(Γ(Zp−mod)):
W
L⊗
X0 ∼= X.
Remark 3.2. Note that this is note true for N .
We have the following result, which is a natural generalization of proposition
2.3 to a family of F -crystals.
Proposition 3.3. N∞ and L∞ are torsion over Λ(Γ). Furthermore, there exists
an element LD ∈ K1(Λ(Γ)) such that
∂(LD) = [N∞] + [L∞],
where [N∞] and [L∞] are the corresponding classes of N∞ and L∞ in K0(Λ(Γ)) and
∂ is the boundary map defined in [4], (24).
We provide a proof for the first statement. The second statement will be proved
in a more general setting discussed in the next section. Our proof is based on the
ideas of the paper [10] and we are thankful to its authors of for the innovative ideas.
We refer the readers to section 2 and section 3 of that paper for some of the notions
that we use here.
Proof. By the above construction, we have the following distinguished triangles in
D(Λ(Γ)):
Qp⊗ZpN∞ → Qp⊗ZpI∞
1−φ
−−→ Qp⊗ZpP∞ → N∞[1],
and
Qp⊗ZpI∞
1
−→ Qp⊗ZpP∞ → Qp⊗ZpL∞ → Qp⊗ZpI∞[1].
By proposition 3.1, we can rewrite these triangles as
Qp⊗ZpN∞ →W∞ ⊗
L
Zp
(Qp⊗ZpI0)→ W∞ ⊗
L
Zp
(Qp⊗ZpP0)→ Qp⊗ZpN∞[1], (3.1)
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and
W∞⊗
L
Zp
(Qp⊗ZpI0)
1
−→W∞⊗
L
Zp
(Qp⊗ZpP0)→W∞⊗
L
Zp
(Qp⊗ZpL0)→W∞⊗
L
Zp
(Qp⊗ZpI0)[1].
Because L0 is Zp-torsion, we have Qp⊗ZpL0 = 0. Consequently, 1 gives an
isomorphism
W∞ ⊗
L
Zp
(Qp⊗ZpI0)
∼= W∞ ⊗
L
Zp
(Qp⊗ZpP0).
Let us denote by ι the inverse of the the isomorphism 1. Because Qp and W∞
are flat over Zp, the long exact sequence associated with the triangle 3.1 can be
written as
. . .→ Qp⊗ZpH
i(N∞)→ W∞⊗
L
Zp
(Qp⊗ZpH
i(P∞))
1−φι
−−−→W∞⊗
L
Zp
(Qp⊗ZpH
i(P∞))→ . . .
By lemma 5.3 of [10], the map 1 − φι is injective. Consequently, the above
sequence gives rise to the following short exact sequence
0→ Qp⊗ZpH
i+1(P∞)
1−φι
−−−→ Qp⊗ZpH
i+1(P∞)→ Qp⊗ZpH
i(N∞)→ 0. (3.2)
Let us denote by Q(Γ) the total quotient field of Λ(G). By applying Q(Γ)⊗Λ(Γ)
(−) to the short exact sequence 3.2, we have
0→ Q(Γ)⊗Λ(Γ) H
i(P∞)
1−φι
−−−→ Q(Γ)⊗Λ(Γ) H
i(P∞)→ Q(Γ)⊗Λ(Γ) H
i+1(N∞)→ 0.
Because H i(P∞) is a finitely generated Λ(Γ)-module, Q(Γ)⊗Λ(Γ) H
i(P∞) is a finite
dimensional vector space over Q(Γ). Consequently, the map
Q(Γ)⊗Λ(Γ) H
i+1(P∞)
1−φι
−−−→ Q(Γ)⊗Λ(Γ) H
i+1(P∞)
must be an isomorphism. We conclude that Q(Γ)⊗Λ(Γ)H
i+1(N∞) = 0 for all i, and
hence N∞ is torsion over Λ(Γ).
4 Tamagawa number conjecture for a p-adic fam-
ily of F -crystals
In this section, we provide a generalization of proposition 3.3. We will follow the
notation in [4].
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Let K be the function field of X . Let k be the total constant field of K and let
k∞ be the unique Zp-extension of k introduced in section 2.4. Let K∞ be a Galois
extension of K satisfying the following conditions (i)–(iii).
(i) The extension K∞/K is unramified at every point of X .
(ii) K∞ ⊃ Kk∞.
(iii) Let G := Gal(K∞/K). Then G is a p-adic Lie group having no element of
order p.
Let H := Gal(K∞/Kk∞), Γ := G/H = Gal(Kk∞/K). Let Λ(G) = Zp[[G]] be
the completed group ring of G and define Λ(H) and Λ(Γ) similarly.
Take finite Galois extensions Kn of K in K∞ (n ≥ 1) such that Kn ⊂ Kn+1 and
K∞ = ∪n Kn. Let Xn be the integral closure of X in Kn, so Xn is a finite e´tale
Galois covering of X . This Xn is a natural generalization of Xn of §2.4.
Let S be the set of all elements f of Λ(G) such that Λ(G)/Λ(G)f are finitely
generated Λ(H)-modules. Let S∗ = ∪n≥0 p
nS. Then by [4] Theorem 2.4, S∗ is a
multiplicatively closed left and right Ore set in Λ(G) and all elements of S∗ are
non-zero-divisors of Λ(G). Hence we have the ring of fractions Λ(G)S∗ by inverting
all elements of S∗ and the canonical homomorphism Λ(G)→ Λ(G)S∗ is injective.
As in [4], let MH(G) be the category of finitely generated S
∗-torsion Λ(G)-
modules. If M is a finitely generated Λ(G)-module and M(p) denotes the Λ(G)-
submodule of M consisting of all elements killed by some powers of p, M belongs
to MH(G) if and only if M/M(p) is finitely generated as a Λ(H)-module.
We have a long exact sequence of K-groups (see [4], (24))
· · · → K1(Λ(G))→ K1(Λ(G)S∗)
∂G→ K0(MH(G))→ K0(Λ(G))→ . . . .
We have the following lemma.
Lemma 4.1. Let D = (D,Φ) be a uniform F -crystal on X. We have
(i) R lim
←−n
RΓ(Xn, N0DR(D)) and R lim←−n
RΓ(Xn, N−∞DR(D)) are bounded com-
plexes and their cohomology groups are finitely generated Λ(G)-modules.
(ii) R lim
←−n
RΓ(Xn, T (D)) is a bounded complex and its cohomology groups belong
to MH(G).
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(iii) R lim
←−n
RΓ(Xn,S(D)) is a bounded complex.
(iv) Assume that there is a finite extension K ′ of K in K∞ such that Gal(K∞/K
′)
is pro-p and such that if X ′ denotes the integral closure of X in K ′ and
Γ′ denotes Gal(K ′k∞/K
′), then the µ-invariants of the cohomology groups
R lim
←−n
RΓ(X ′⊗k kn,S(D)), which are finitely generated torsion Λ(Γ
′)-modules
by Proposition 13, is zero. Then the cohomology groups of R lim
←−n
RΓ(Xn,S(D))
belong to MH(G).
Proof. Let K ′ be as in the assumption of (iv). Let G′ = Gal(K∞/K
′), H ′ =
Gal(K∞/K
′k∞). These are pro-p groups. Let X
′ be the integral closures of X in
K ′.
By Theorem 2.11 of [10], we have
Zp⊗
L
Λ(G′)R lim←−
n
RΓ(Xn, N0DR(D)) = RΓ(X
′, N0DR(D)).
The right hand side is a finitely generated Zp-module. Hence (i) follows from the-
orem 2.11 of [10] and Nakayama’s lemma applied to the local ring Λ(G′) (this is a
local ring because G′ is a pro-p group). The proof for N−∞DR(D) is similar. (ii)
and (iii) follow from (i) by the distinguished triangles
(1) R lim
←−n
RΓ(Xn,S(D))→ R lim←−n
RΓ(Xn, N0DR(D))→ R lim←−n
RΓ(Xn, N−∞DR(D))→,
(2) R lim
←−n
RΓ(Xn, N0DR(D))→ R lim←−n
RΓ(Xn, N−∞DR(D))→ R lim←−n
RΓ(Xn, T (D))→
By the assumption of (iv), cohomology groups of R lim
←−n
RΓ(X ′⊗k kn,S(D)) are
finitely generated Zp-modules. By theorem 2.11 of [10], we have also
Zp⊗Λ(H′)R lim←−
n
RΓ(Xn,S(D)) = R lim←−
n
RΓ(X ′ ⊗k kn,S(D)).
By Nakayama’s lemma applied to the local ring Λ(H ′), we have that all coho-
mology groups of R lim
←−n
RΓ(Xn,S(D)) are finitely generated Λ(H
′)-modules and
hence finitely generated Λ(H)-modules. This proves (iv).
In the rest of this §2.5, we assume that the assumption of 4.1 (iv) is satisfied.
We define the p-adic L-function LD ∈ K1(Λ(G)S∗) as the minus of the class of
the automorphism 1− φι of Λ(G)S∗ ⊗Λ(G) R lim←−n
RΓ(Xn, N−∞DR(D)).
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The special values of LD in the sense of [4] §3 are L-values of D:
ρ(LD) = L(X,D, ρ
∨, 0)
for every finite dimensional continuous p-adic representation ρ of G which factors
through a finite quotient of G. This is reduced to proposition 5.4 of [5] by the proof
of [10] Theorem 1.1 (ii).
By the above distinguished triangles (1) and (2), we have (a version of Iwasawa
main conjecture)
Proposition 4.2.
∂G(LD) = [R lim←−
n
RΓ(Xn,S(D))] + [R lim←−
n
RΓ(Xn, T (D)))]
in K0(MH(G)).
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